The Euclidean vector product can be generalised for an arbitrary non-degenerate symmetric bilinear form, which will then be called the B-vector product. This operation, and the properties that follow from it, can be applied to set up a framework for the trigonometry of a general tetrahedron using Wildberger's framework of rational trigonometry. While defining the fundamental trigonometric invariants in three-dimensional space, we can also prove some interesting results pertaining to the ratios of various trigonometric invariants of the general tetrahedron.
of the celestial sphere, but from the 14th to 16th centuries a planar version also came into view which appropriated the angle conventions of the astronomical work (initially always in degrees, and only in recent times in terms of radians), and saw in some cases simplified planar versions of the main laws.
Menelaus' theorem, for example, was of primary interest in the spherical case, although Menelaus himself used the planar version as a preliminary proposition. The original sine law of al Tusi in the 10th century, the cosine law of al Kashi in the 15th century, and many other relations involving tangents and haversines were first formulated in the spherical case. It is not an exaggeration to say that until around 1500, classical trigonometry was almost entirely spherical.
However in the 17th century the Cartesian revolution initiated by Descartes and Fermat offered a new paradigm: that space itself could be defined in terms of coordinates with respect to a reference frame, so that the foundations even of Euclidean planar geometry could now be pinned onto a prior arithmetical framework. Of course this was a key driver of calculus, but over the next few centuries it also led directly to many of the key geometrical developments of modern times-the study of curves and surfaces via equations and analytic geometry; the re-evaluation of projective geometry by Mobius and Plucker as the study of one-dimensional subspaces of an affine space accessible through the technology of homogeneous coordinates; the beginnings of modern linear algebra from the insights of Grassmann and Clifford on the structure of higher dimensional spaces and their subspaces and transformations; and ultimately also Beltrami and Klein's models for the hyperbolic geometry of Lobachevsky, Bolyai and Gauss, and then in the 20th century the geometry of special relativity due to Einstein and Minkowski.
Throughout most of this development, it has been safely assumed that the (later) Babylonian metrical notions of distance and angle ought to remain as the key measurements. But there are serious questions that can be asked about this orientation. From a purely computational point of view, these quantities generally have only an approximate aspect: distances often involve taking square roots, while angles generally require transcendental processes associated with circular functions and their inverses when we are doing anything with them except angle-chasing, and even this simple additivity mostly disappears in the three-dimensional case when rotations in different directions are involved.
In addition, both distance and angle are challenging to implement with full precision on a computer, and so do not extend to more general arithmetical domains, such as finite fields.
It is noteworthy that even Euclid recognized the difficulties with distances and angles, and he was careful in fact to avoid discussion of these measurements in his work, thus avoiding logical issues with irrationalities-which his exposition of Eudoxus' work in Book V shows he was familiar with.
So the claim that distance and angle are fundamentally Euclidean concepts is highly questionable historically. The reliance on a real number view of the continuum to deal with these notions is particularly problematic in extending these concepts to more general geometries based on other number systems and other quadratic forms.
Algebraic geometry-which often has the complex numbers, or some other algebraic closure as the underlying field-has thus found it awkward to effectively incorporate metrical investigations. This is curious, because metrical concepts relating to higher degree curves and surfaces, and hence by generalization to varieties, would seem to be a natural part of this subject-as evidenced by the wealth of information known about the degree two case of conics and quadrics. Perhaps there is even the perception that metrical geometry is more naturally associated to affine spaces, while the projective spaces of algebraic geometry do not easily carry such structures, but as we hope to show this is certainly not the case. Almost all affine metrical questions have projective analogs, which are however generally more difficult and algebraically complex.
So it is natural to ask: can we create a framework for metrical geometry in which the main metrical concepts are, at least generally, exactly computable, which apply both to affine and projective settings, and which are valid over arbitrary fields and with general quadratic forms? And what would the laws of trigonometry look like in such a system? In these two papers, we want to emphatically demonstrate that there is such a framework, and that it provides us with an entirely new arena for investigating Euclidean, relativistic, spherical (or more precisely elliptic) and hyperbolic geometries over general fields, even finite ones.
Fortunately the central modern role of linear algebra and the well developed theory of vector calculus, which incorporate the results of Cauchy, Lagrange, Gibbs and Heaviside, provide a familiar setting in which to attempt this. The importance of quadratic forms and their associated symmetric bilinear forms, or scalar products, in algebraic geometry, number theory and physics is clear, and so a theory which is not restricted to the Euclidean case is needed. And the increasing interest in geometry of finite fields also motivates us to find such a general framework for geometry.
But perhaps the clearest incentive is towards understanding the three-dimensional space in which physics, chemistry and biology operate, and which is the focus of a lot of modern engineering, architecture, industrial design, video game creation and 3D printing and graphics. The relative lack of deep study of the properties of three-dimensional space is surely a blind spot in modern mathematics, as manifested in both a lack of modern familiarity with both spherical trigonometry and Euclidean spatial geometry by undergraduates.
We may gain some clues about a good path forward by appreciating that historically there were in fact attempts to create a more rational trigonometry. There is now an argument [14] that the famous Old Babylonian tablet Plimpton 322 was in fact a table of rational right triangles arranged in a clear trigonometric order, utilizing large Pythagorean triples to exactly capture trigonometric relations.
Viete's remarkable table [21] has been largely forgotten, but it is exactly a heroic compilation of exact right triangles also obtained from Pythagorean triples to avoid the use of angles. And in 2005,
Wildberger introduced the modern form of planar rational trigonometry [23] , valid over a general field, and then in 2011 [26] went on to extend this rational form to hyperbolic geometry.
While the space in which we live in is to a first approximation an affine space, the space of lines through any point in it is a projective space. This means that both affine and projective metrical concepts come to bear even in the three-dimensional affine setting, where the fundamental object is a simplex, or tetrahedron, which has associated to it four points and six lines, four triangles and four tripods, and the three-dimensional simplex itself.
In three-dimensional rational metrical affine geometry we start with an affine space and a symmetric bilinear form on the associated vector space. The main metrical concepts are quadrance between pairs of points, spreads between pairs of lines and pairs of planes, quadreas between triples of coplanar points, solid spreads between triples of concurrent lines, and the quadrume between a quadruple of points. In all cases these are symmetric notions, unchanged with permutation of the objects involved.
They take on values in whatever field we are working over. Under certain situations these concepts are not defined, typically because some numerator is zero.
In rational metrical projective geometry there are corresponding concepts, and they typically are related to the affine concepts up one dimension, making them generally more complicated. Thus for example the projective quadrance between two projective points is the same as the spread between the corresponding one-dimensional subspaces.
The main goal of three-dimensional rational trigonometry is then to establish relationships between these various quantities associated to a general tetrahedron. This turns out to be considerably more complicated than the two-dimensional case, and points to a hierarchy of higher dimensional issues in trigonometry, which emerges as not at all a high school level subject, but as a vast edifice of ever more complicated and intricate relations-which will require ultimately more and more intensive computer assistance.
It is important and useful to keep the distinction between affine and projective metrical geometries firmly in mind. The former include Euclidean and relativistic geometries, while the latter include algebraic versions of elliptic and hyperbolic geometries. So there is also a projective three-dimensional geometry, but this is considerably more complicated, in the same way that projective two-dimensional geometry is more complicated than affine two-dimensional geometry. The study of a projective threedimensional tetrahedron should involve rational analogs of the tetrahedral formulae studied by Mednykh and others in hyperbolic geometry (see [8] and [15] ); this is likely to be a very big project.
And of course there is then the looming vast question: how to extend this rational trigonometry into higher dimensions, both in the affine and projective cases? We may well have to await the help of AI machines before we can successfully tackle some of the complexities inherent in this question.
Introduction
In this paper, we will apply the framework of B-scalar and B-vector products developed in Generalised vector products applied to affine and projective rational trigonometries in three dimensions (henceforth referred to by [16] ) to set up a framework for the rational trigonometry of a general tetrahedron.
Suppose that V 3 is the three-dimensional vector space, over a field F, consisting of row vectors v = (x, y, z) and that B is a symmetric non-degenerate 3 × 3 matrix, so that det B = 0. Then we may define a symmetric bilinear form, or B-scalar product, by the rule that for any two vectors v and w
This number is always an element of the field F.
The B-quadrance of a vector v is
and a vector v is B-null precisely when Q B (v) = 0.
If v and w are non-null vectors, then the B-spread between them is the number
In Euclidean geometry, the quadrance and spread are typically thought of respectively as the squared distance and the squared sine of an angle, but in this more general framework distance and angle are not available to us, so we orient ourselves to the idea that quadrance and spread are fundamental.
In [16] , we extended the definition of vector products in Euclidean three-dimensional vector space also to this more general three-dimensional situation. Given the usual (Euclidean) vector product v × w, for two vectors v and w in V 3 , we define the B-vector product of v and w to be
where adj B = (det B) B −1 is the adjugate of the invertible matrix B.
After a short review of the properties of B-scalar and B-vector products which were proven in [16] , we define the fundamental trigonometric invariants in three-dimensional affine space, denoted by A 3 , where V 3 , as given above, is its associated vector space. These include the B-quadrance and B-spread, as well as the B-quadrea of a triangle in A 3 which extends the definition of quadrea in [23] .
While these three quantities featured prominently in [16] , this paper introduces four new trigonometric invariants: the B-quadrume, the B-dihedral spread, the B-solid spread and the B-dual solid spread. The B-quadrume, which is a quadratic version of volume in our framework, has a close connection to the Cayley-Menger determinant, as seen in [3] , [9, pp. 285-289] and [19, pp. 124-126] .
The latter three quantities, which are rational analogs of angles between two planes or solid angles between three lines in our rational framework, have origins in projective geometry (see [22] and [24] ) and thus highlight the power of using generalised vector products to explain affine rational trigonometry in three dimensions.
We can then compute these quantities for a general tetrahedron in A 3 , for which we can then discover interesting algebraic relations. For a tetrahedron A 0 A 1 A 2 A 3 with points A 0 , A 1 , A 2 , A 3 , we will denote, for indices 0 ≤ i < j < k ≤ 3:
• by Q ij the B-quadrance between A i and A j ;
• by A ijk the B-quadrea of the triangle with points A i , A j and A k ;
• by V its B-quadrume;
• by E ij the B-dihedral spread between the planes through any three points intersecting at a line through A i and A j ;
• by S i the B-solid spread between three concurrent lines at A i ; and
• by D i the B-dual solid spread between three concurrent lines at A i .
The quantity
is a key component of our study, whose geometric meaning is yet to be fully understood; we will call this the Richardson constant. Here are some examples of relations we obtain:
The first two results are rational/algebraic analogs of some results found from [17] , while the last one is novel; but we will develop many more in this paper. In a later section we specialize our formulas to the case of the tri-rectangular tetrahedron, and develop some additional key results for this important situation.
3 A review of three-dimensional vector algebra over a general metrical framework
We start by considering the three-dimensional vector space V 3 over a field F not of characteristic 2, consisting of row vectors v = (x, , y, z) , with the usual arithmetical structures of vector addition and subtraction, together with scalar multiplication.
B-scalar product
determines a symmetric bilinear form on V 3 defined by
We will call this the B-scalar product. The associated B-quadratic form on V 3 is defined by
and we call the number Q B (v) the B-quadrance of v. A vector v is B-null precisely when
The B-quadrance satisfies the obvious properties that for vectors v and w in V 3 and a number λ in F
as well as
and
Hence the B-scalar product can be expressed in terms of the B-quadratic form by either of the two polarisation formulas
The B-scalar product is non-degenerate precisely when the condition that v · B w = 0 for any vector v in V 3 implies that w = 0; this will occur precisely when B is invertible. We will assume that the B-scalar product is non-degenerate throughout this paper. Finally, two vectors v and w in V 3 are B-perpendicular precisely when v · B w = 0, in which case we write v ⊥ B w.
B-vector product
Define the adjugate of B from (1) to be the matrix
When B is invertible this is
So the B-vector product [16] of v and w is defined to be the vector
With the B-scalar and B-vector products defined, following [16] we define the following expressions involving vectors v 1 , v 2 , v 3 and v 4 :
• B-scalar triple product:
• B-vector triple product:
• B-quadruple scalar product:
• B-quadruple vector product:
Summary of results of B-scalar and vector products
We summarise some results from [16] pertaining to B-scalar and B-vector products, B-triple products and B-quadruple products. The first result allows us to express the B-scalar triple product in terms of determinants.
The following result expresses the B-vector triple product as a linear combination of two vectors.
The B-scalar quadruple product can be computed as a determinantal identity involving B-scalar products, as follows.
The following result immediately follows from the Binet-Cauchy identity and links the B-vector product between two vectors to their B-quadrances and their B-scalar product.
Theorem 4 (Lagrange's identity) For vectors v 1 and v 2 in V 3 ,
The B-vector quadruple product can be computed by using only the B-scalar triple product, as follows.
Theorem 5 (Vector quadruple product theorem) For vectors v 1 , v 2 , v 3 and v 4 in V 3 ,
Immediately following from the B-vector quadruple product theorem, the following corollary will prove very useful in the study of a vector tetrahedron.
A consequence of this corollary gives us a result that will also prove useful in this paper. We present a quick proof of this result as follows.
Theorem 7 (Scalar triple product of products) For vectors v 1 ,v 2 and v 3 in V 3 ,
Proof.
 we use Corollary 6 and the Scalar triple product theorem to obtain
2 as required.
Affine and vector geometry in three dimensions
For the rest of this paper, we will work over the three-dimensional affine space over a field F not of characteristic two, denoted by A 3 , where V 3 is its associated vector space. While the main objects in A 3 are points, which we denote as triples enclosed in rectangular brackets, vectors in V 3 can be expressed as a separation between two points. In other words, for two points X and Y in A 3 , a vector from X to Y is expressed as − − → XY and computed to be the affine difference Y − X. A line is a pair (A, v) containing a point A in A 3 and a vector v in V 3 , so that a point X lies on it precisely when there exists a number λ in F such that
Two lines (A 1 , v 1 ) and (A 2 , v 2 ) are equal precisely when v 1 , v 2 and − −− → A 1 A 2 are all scalar multiples of each other. The vector v is a direction vector for the line (A, v). Given two points X 1 and X 2 both lying on a line, we can denote such a line by X 1 X 2 , so that the lines X 1 X 2 and Y 1 Y 2 are equal precisely when Y 1 and Y 2 both lie on the line X 1 X 2 and vice versa.
A plane in A 3 is a triple (A, v, w) containing a point A in A 3 and two linearly independent vectors v and w in V 3 , so that a point X lies on it if there exists numbers λ and µ in F such that
In other words, the vector − − → AX is a linear combination of v and w, so that two planes (A 1 , v 1 , w 1 ) and (A 2 , v 2 , w 2 ) are equal when any of v 1 , v 2 , w 1 , w 2 and − −− → A 1 A 2 are linear combinations of any two of these. The vectors v and w are then spanning vectors for the plane (A, v, w). We can associate to a plane in A a B-normal vector n so that any two points X and Y in A 3 lying on the plane satisfy
A plane in A 3 with three points X, Y and Z will be denoted by XY Z, with two planes 
where the vectors in the vector triangle sum to 0. By defining v ij ≡ − −− → A i A j for any integer i and j between 1 and 3, we denote these vector triangles respectively by v 12 v 23 v 31 and
is an unordered collection of four points in A 3 , say {A 0 , A 1 , A 2 , A 3 }, and is denoted by A 0 A 1 A 2 A 3 . An unordered collection of any two distinct points of a tetrahedron will be called an edge of the tetrahedron, and an unordered collection of any three distinct points of a tetrahedron will be called a triangle of the tetrahedron. Associated to each edge and triangle of a tetrahedron is the line and plane (respectively) that passes through the collection of points of the tetrahedron; we call these the lines and planes of the tetrahedron.
Affine rational trigonometry in three dimensions
We now define the rational trigonometric quantities that we will use to analyse a general tetrahedron over a general field and symmetric bilinear form.
The B-quadrance between two points A 1 and A 2 in A 3 is the number
Note that
, so that the B-quadrance between two points in A 3 is independent of order.
For a triangle A 1 A 2 A 3 with B-quadrances
By the definition of the B-quadrance, this is also equal to A B (v 12 v 23 v 31 ) and to A B (v 13 v 32 v 21 ). So, the B-quadrea of a triangle is simply the B-quadrea of either of its two associated vector triangles.
The following result extends the Quadrea theorem in [16] from the vector triangle setting to the affine triangle setting. As the only variant to the result is the B-quadrea of the affine triangle, we omit the proof.
Theorem 8 (Quadrea theorem) For a triangle
and j between 1 and 3, we have
The B-quadrume of a tetrahedron A 0 A 1 A 2 A 3 is
By the linearity of the B-scalar triple product, this will be unchanged if we base the vectors at another point, for example
The following result ensues.
Proof. The first expression is immediate from the Scalar triple product theorem, and the others are just rewrites using the multiplicative property of the determinant.
The B-quadrume is expressed in terms of the B-quadrances as follows.
Theorem 10 (Quadrume theorem) For a tetrahedron
for integers i and j satisfying 0 ≤ i < j ≤ 3. The B-quadrume of the tetrahedron A 0 A 1 A 2 A 3 satisfies
Proof. From the Quadrume product theorem,
By the definition of the B-quadratic form and the polarisation formula, this becomes
as required.
The determinant present in the definition is called the Cayley-Menger determinant (see [3] , [9, pp. 285-289] and [19, pp. 124-126] ) and forms a general framework for calculating higher-dimensional trigonometric quantities of the "distance" flavour. While named after Cayley and Menger, this formula was known to Euler and dates back to work of Tartaglia.
Given two lines l 1 and l 2 in A 3 with respective direction vectors v 1 and v 2 , we define the B-spread between them as
Lagrange's identity allows us to rewrite this as
.
The following result, originally from [23, p. 82] and proven with B-vector products in [16] , computes the B-quadrea of a triangle in terms of its B-quadrances and B-spreads. We state it without proof here.
Theorem 11 (Quadrea spread theorem) For a triangle A 1 A 2 A 3 with B-quadrances
as well as B-spreads
and B-quadrea A ≡ A B A 1 A 2 A 3 , we have that
Given two planes Π 1 and Π 2 in A 3 with B-normal vectors n 1 and n 2 respectively, we define the B-dihedral spread between them to be
This is clearly independent of the rescaling of normal vectors. Note the similarities between the definition of the B-spread and the B-dihedral spread; this is a central theme in projective rational trigonometry (see [22] and [24] ). The B-dihedral spread can also be rewritten using Lagrange's identity as
The B-dihedral spread satisfies the following property.
Theorem 12 (Dihedral spread theorem) Let Π 1 be a plane with spanning vectors v and w 1 , and Π 2 be a plane with spanning vectors v and w 2 , so that these two planes meet at a line with direction vector v. Then,
Proof. We use the rearrangement of the definition of the B-dihedral spread using Lagrange's identity to write
By Corollary 6,
By the Quadrume product theorem,
Take three concurrent lines l 1 , l 2 and l 3 in A 3 with respective direction vectors v 1 , v 2 and v 3 . We define the B-solid spread between them as
The B-solid spread satisfies the following identity.
Theorem 13 (Solid spread theorem) Suppose three lines l 1 , l 2 and l 3 in A 3 meet at a single point O with respective direction vectors v 1 , v 2 and v 3 . Furthermore, define the planes
Then,
Proof. By rewriting the definition of the B-spread using Lagrange's identity, we have
Given that
compute the product of the above three quantities to get our desired result. The other results follow by symmetry.
Given three concurrent lines l 1 , l 2 and l 3 in A 3 , we construct three lines k 12 , k 13 and k 23 with respective direction vectors
so that all six lines are concurrent and k 12 is B-perpendicular to l 1 and l 2 , k 13 is B-perpendicular to l 1 and l 3 , and k 23 is B-perpendicular to l 2 and l 3 . We then define the B-dual solid spread between lines l 1 , l 2 and l 3 to be
We now present an analog to the Solid spread theorem for B-dual solid spreads.
Theorem 14 (Dual solid spread theorem) Suppose three lines l 1 , l 2 and l 3 in A 3 meet at a single point O with respective direction vectors v 1 , v 2 and v 3 . Furthermore, define the planes
Proof. First we construct three lines k 12 , k 13 and k 23 with respective direction vectors
so that these three lines are concurrent to l 1 , l 2 and l 3 . By the Scalar triple product of products theorem, we know that [n 12 , n 13 ,
and, by Lagrange's identity,
Compute the product of the above three quantities to get our desired result. The other results follow by symmetry.
Rational trigonometry of a general tetrahedron
In what follows, we consider a tetrahedron A 0 A 1 A 2 A 3 in A 3 . For integers i and j satisfying 0 ≤ i < j ≤ 3, the B-quadrances between any two points A i and A j of A 0 A 1 A 2 A 3 will be denoted by Q ij ; the B-quadrea associated to the triangle A i A j A k of A 0 A 1 A 2 A 3 will be denoted by A ijk , for integers i, j and k satisfying 0 ≤ i < j < k ≤ 3; and its B-quadrume will be denoted by V.
The B-spreads between two lines A i A j and A i A k of A 0 A 1 A 2 A 3 will be denoted by s i;jk , for an integer i satisfying 0 ≤ i ≤ 3 and integers j and k distinct from i satisfying 0 ≤ j < k ≤ 3, and the Bdihedral spreads between two planes A i A j A k and A i A j A l , for integers i and j satisfying 0 ≤ i < j ≤ 3 and distinct integers k and l between 0 and 3 which are also distinct from i and j, will be denoted by
Finally, the B-solid spreads and B-dual solid spreads between the three lines A i A j , A i A k and A i A l will be denoted respectively by S i and D i , for an integer i satisfying 0 ≤ i ≤ 3, and distinct integers j, k and l between 0 and 3 which are also distinct from i. 
The Alternating spreads theorem
The following gives relations between face spreads of a tetrahedron. The required result follows by taking the product of these three relations and cancelling all of the quadrances.
Note that all the B-spreads in the formula involve the index 0 on the right hand side; so, including this relation, three other relations hold which will correspond to the other points of the tetrahedron.
Results for B-dihedral spreads
The following result establishes a formula for the B-dihedral spread of a tetrahedron in terms of its B-quadrances, B-quadreas and B-quadrume.
Theorem 16 (Tetrahedron dihedral spread formula) For a tetrahedron A 0 A 1 A 2 A 3 with B-quadrances Q ij for 0 ≤ i < j ≤ 3, B-quadreas A 012 , A 013 , A 023 and A 123 , and B-quadrume V, the B-dihedral spread E 01 can be expressed as
By the Dihedral spread theorem
By the Quadrea theorem
we combine the above results to get
Similarly we have that The following result, a rational version of a result from [17] , allows us to form a relationship between the products of opposite B-dihedral spreads and the products of opposite B-quadrances. For somewhat mysterious reasons, the quantity
is of significance in the study of the rational trigonometry of a tetrahedron. Unfortunately we do not currently have a good geometric interpretation of this quantity, although the two-dimensional analog is the quadratic curvature of the circumcircle of a triangle, and the following theorem does provide a partial answer. The quantity R is the rational equivalent of a quantity denoted by h 2 in [17] , and hence we will call it the Richardson constant.
Theorem 17 (Dihedral spread ratio theorem) For a tetrahedron A 0 A 1 A 2 A 3 with B-quadrances Q ij for 0 ≤ i < j ≤ 3, B-quadreas A 012 , A 013 , A 023 and A 123 , B-quadrume V and B-dihedral spreads E ij for 0 ≤ i < j ≤ 3, we have
Proof. From the equivalent formulation of the Dihedral spread theorem for A 0 A 1 A 2 A 3 , we have
and similarly
E 02 E 13 = RQ 02 Q 13 and E 03 E 12 = RQ 03 Q 12 .
Divide each result through by Q 01 Q 23 , Q 02 Q 13 and Q 03 Q 12 respectively to obtain our desired result.
Results for B-solid spreads
We now present a formula for calculating the B-solid spread of a tetrahedron in terms of its Bquadrances and B-quadrume.
Theorem 18 (Tetrahedron solid spread formula) For a tetrahedron A 0 A 1 A 2 A 3 with B-quadrances Q ij for 0 ≤ i < j ≤ 3 and B-quadrume V, the B-solid spread S 0 can be expressed as
can be rewritten using the formula for the quadrume V as
which is our desired result.
Similarly, we have
We present an interesting result regarding the ratio of B-solid spreads.
Theorem 19 (First solid spread ratio theorem) For a tetrahedron A 0 A 1 A 2 A 3 with B-quadrances Q ij for 0 ≤ i < j ≤ 3, B-quadrume V, and B-solid spreads S k for 0 ≤ k ≤ 3, we have
Proof. This is an immediate consequence of the Tetrahedron solid spread formula, as
Similar formulas hold also for other ratios, for example
Theorem 20 (Second solid spread ratio theorem) For a tetrahedron A 0 A 1 A 2 A 3 with B-quadrances Q ij for 0 ≤ i < j ≤ 3, B-quadrume V, and B-solid spreads S k for 0 ≤ k ≤ 3 we have
Proof. This is an immediate consequence of the First solid spread ratio theorem, as
Similarly, we will have
03
We may also derive a result pertaining to the ratio of the product of three B-solid spreads to the product of three B-quadrances; this is a new result that is unique to this paper, which can only be understood by using the framework of rational trigonometry.
Theorem 21 (Third solid spread ratio theorem) For a tetrahedron A 0 A 1 A 2 A 3 with B-quadrances A 012 , A 013 , A 023 and A 123 , B-quadrume V, B-solid spreads S 0 , S 1 , S 2 and S 3 , we have
Proof. By the equivalent formulation of the Solid spread theorem for A 0 A 1 A 2 A 3 , we have
Divide both sides by Q 03 Q 13 Q 23 to get our desired result. The other results follow by symmetry.
Results for B-dual solid spreads
We now present a formula for the B-dual solid spread of a tetrahedron in terms of its B-quadreas and B-quadrume. 
But we know that
and that
so that substituting we get
Similarly we have
The following result outlines the ratio of B-dual solid spreads to B-quadreas, one that is a rational analog of another classical result from [17] ; it acts similarly to the Sine law in classical trigonometry, albeit in a very different context. The Richardson constant R will be present here as well. 
Proof. By the equivalent formulation of the Dual solid spread theorem for A 0 A 1 A 2 A 3 , we have
Divide through by A 123 to get
The other results follow by symmetry.
Tetrahedron skew quadrance formula
The familiar formula for the projection of one vector onto another ( [2, p. 206] and [20, p. 174] ) holds also for more general bilinear forms; we define the B-projection of a vector v in the direction of the vector u as the vector to be the skew B-quadrances of A 0 A 1 A 2 A 3 associated to the respective pairs of opposing lines
For a tetrahedron
, where P ij is an arbitrary point on the line A i A j for integers i and j satisfying 0 ≤ i < j ≤ 3. This quantity is independent of the selection of the P ij 's, since if the two lines don't meet, then the points on the line will lie on separate planes which are parallel.
We establish a formula for the skew B-quadrances of a tetrahedron based on its B-quadrances and B-quadrume. We use [18] as inspiration to prove this result in our framework.
Theorem 24 (Tetrahedron skew quadrance formula) For a tetrahedron A 0 A 1 A 2 A 3 with B-quadrances Q ij , B-quadrume V, and skew B-quadrances R 01;23 , R 02;13 and R 03;12 , we have
Proof. For integers i satisfying 1 ≤ i ≤ 3, define vectors v i ≡ − −− → A 0 A i so that we may define n 01;23 ≡
. By the definition of skew B-quadrances, we have
   so we may use the bilinearity properties of the B-scalar and B-vector products, as well as the Scalar triple product theorem, to rewrite the numerator as
Furthermore, the denominator becomes
by Lagrange's identity. Use the polarisation formula to obtain
Combine the results for the numerator and denominator with the Quadrume product theorem to get
as required. The other results follow by symmetry.
It is curious to note that the denominator of the Tetrahedron skew quadrance formula is a rational form of Bretschneider's formula [4] for the quadrea of a general quadrangle (a collection of four coplanar points) in terms of the six quadrances between any two of its points (see [5] , [7] , [13, pp. 204-205] and [25] ).
Tri-rectangular tetrahedron
To finish we apply the framework devised in this paper to study a particularly fundamental type of tetrahedron, which is the analog of a right triangle in the three-dimensional setting. Just as many problems in metrical planar geometry can be resolved into right triangles, and in spherical or elliptic geometry Napier's rules highlight the importance of right spherical or elliptic triangles, so the tri-rectangular tetrahedron plays a special role in three-dimensional geometry.
We set A 0 A 1 A 2 A 3 to be a tetrahedron in A 3 with all its trigonometric invariants denoted as above.
Introducing and v 3 are all mutually B-perpendicular, that is when
While we can also similarly define a B-tri-rectangular tetrahedron at another point of
we may suppose for the purposes of this study, and without loss of generality, that the tetrahedron
Then by the definition of the B-spread we have s 0;12 = s 0;13 = s 0;23 = 1.
Furthermore, since v 1 , v 2 and v 3 are all mutually B-perpendicular we deduce that
By the Solid spread projective theorem, we then obtain S 0 = 1.
Because of this, it is natural to parametrize a B-tri-rectangular tetrahedron
These quantities represent the B-quadrances of A 0 A 1 A 2 A 3 emanating from the point A 0 . Doing this, we use Pythagoras' theorem (see [11] and [16] ) to obtain
By the Quadrume theorem, the B-quadrume of
Then by the Quadrea spread theorem
are three of its B-quadreas. To obtain A 123 , we rely on the following generalization of a classical result from [6] , which provides a parallel to Pythagoras' theorem for B-quadreas of a B-tri-rectangular tetrahedron. Proof. By the definition of the B-quadrea,
The result of the Quadrea spread theorem can be rearranged to obtain the remaining B-spreads, which are
, s 1;03 =
, s 1;23
, s 2;03 =
, s 2;13 =
, s 3;02 = K 2 K 3 K 3 (K 2 + K 3 ) and s 3;12 =
By the Tetrahedron dihedral spread formula, the remaining B-dihedral spreads are
The following elegant relation between B-dihedral spreads then becomes visible.
Theorem 26 (Tri-rectangular dihedral spread theorem) For a B-tri-rectangular tetrahedron A 0 A 1 A 2 A 3 at A 0 , we have that
Proof. Use the above quantities to immediately obtain our result, as follows:
By the Tetrahedron solid spread formula, the remaining B-solid spreads are
Recall that another version of Pythagoras' theorem in the plane is that if A 0 A 1 A 2 has a right angle at A 0 then
Here is a three-dimensional extension of this involving solid spreads.
Theorem 27 (Tri-rectangular solid spread theorem) For a B-tri-rectangular tetrahedron A 0 A 1 A 2 A 3 at A 0 , we have that (1 − S 1 − S 2 − S 3 ) 2 = 4S 1 S 2 S 3 .
With the values of S 1 , S 2 and S 3 above, we have
It appears interesting to ask if this result extends in some fashion to more general tetrahedra.
As for the dual solid spreads, the value at A 0 is D 0 = 1 because the normals to the lines meeting there are the lines themselves. Note that this is consistent
which uses the Tetrahedron dual solid spread formula. Using this same formula, we also get
The following result pertaining to D 1 , D 2 and D 3 then follows.
Theorem 28 (Tri-rectangular dual solid spread) For a B-tri-rectangular tetrahedron A 0 A 1 A 2 A 3 at A 0 , we have that
With the values of D 1 , D 2 and D 3 above, we compute that
Further directions
There is clearly a big step in going from the two-dimensional to the three-dimensional situation in trigonometry. One of the reasons is simply that the number of objects can increased considerably; instead of just three points, three lines and a triangle, we have four points, six lines, four faces, and a tetrahedron, and so the range of metrical notions must also expand to include the various configurations that are possible when we combine these in various ways.
So when we contemplate higher dimensional trigonometry, the situation will become much more involved even when we restrict to the case of the simplex, and will also require the addition of higher dimensional invariants. We can expect algebraic relations from the very simple, as in the previous case of the tri-rectangular tetrahedron, to the enormously complicated and intricate. We are really only at the beginning of a comprehensive understanding of the geometry of space.
